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The set of all distinct blocks of a BIB design is referred to as the support of the 
design. The family of BIB designs with v = 6 and k = 3 is studied in depth from the 
view of possible support sizes. Via a linear algebraic technique it is shown that: (i) 
a BIB design with u = 6 and k = 3 exists if and only if the support size belongs to 
( 10, 14, 16, 17, 18, 19, 201; (ii) the minimum block size, b, needed to obtain a BIB 
design with support size b* is given by: 
b* 10 14 16 17 18 19 20 
b 10 20 20 30 40 30 20 
(iii) if, for a given b, a BIB design for v = 6 and k = 3 with support size b* exists, 
then we can construct a BIB design with support size b* and any larger 
admissible b. 
1. INTRODUCTION AND SUMMARY 
Let d denote a BIB design with parameters U, b, r, k, and 1. We refer to the 
set of all distinct blocks of d, following Foody and Hedayat [ 11, as the 
support of d, and to the cardinality of the support of d, the support size of d 
which is denoted by b*. If b # b*, then d is said to be a BIB design with 
repeated blocks. BIB designs with repeated blocks, as it is pointed out in 
Wynn [7] and [ 11, have useful applications in sampling from finite 
populations and in experimental designs. 
Many interesting mathematical questions with useful statistical applications 
can be raised with regard to the family of BIB designs with repeated blocks: 
for a given v and k, 
Question 1. What is the set of b*? 
Question 2. For a given b*, what is the minimum size of b? 
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Question 3. Is there a set of designs which can generate all the designs 
with a specified set of parameters? 
Clearly, these are difficult inquiries to be responded to with the available 
mathematical tools and methods. Our approach to answer these questions 
will consist of considering some specific settings with the hope of 
generalization to other cases. In regard to these questions, the literature of 
BIB designs contains very few contributions, which we shall briefly describe 
in subsequent sections. 
In this article, we shall deal with the family of BIB designs based on v = 6 
and k = 3. We choose this family because (i) u = 6 and k = 3 are the 
smallest integers which admit a nontrivial BIB design, and (ii) u = 6 and 
k = 3 are small enough to permit us to search for a complete set of BIB 
designs in this case. 
Our discoveries for u = 6 and k = 3 can be summarized as follows: 
-A BIB design exists if and only if its support size belongs to { 10, 14, 
16, 17, 18, 19, 20). 
-The minimum b to obtain a BIB design with support size b* is given by: 
b” min b 
10 10 
14, 16 20 
17,19 30 
18 40 
20 20 
-If, for a given b, a BIB design with support size b* exists, then we can 
construct a BIB design with support size b* and any larger admissible b, i.e., 
the construction of a BIB design with support size b* is sufficient when b is 
minimum. Finally, designs with b = b* = 10 can be used to generate all the 
BIB designs. 
2. VECTOR REPRESENTATION OF BIB DESIGNS 
Let V= { 1, 2,..., u) and let the set of all distinct subsets (or blocks) be 
denoted by uCk. Blocks of size 2 will be referred to as pairs. A block of size 
k and elements xi, x2,..., xk will be expressed by x,x* ‘VT xk in which the 
order is immaterial. 
Customarily, a BIB design is represented by listing its blocks. Although, 
such a representation is convenient, it is unsuitable for algebraic study of 
such designs. Following [ 11, and Hedayat and Li [3], we identify a 
BIB(u, b, r, k, A) design with a (:)-dimensional column vector F = 
u-l 9.*-- ‘;; )I’? where A denotes the frequency of the ith element of vCk. 
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Conversely a (:)-dimensional column vector F with nonnegative integral 
entries defines a BIB(v, b, r, k, 1) design, or simply a BIB(v, k, A), if 
where P is the incidence matrix of pairs versus blocks, i.e., P is a (‘;) x (i) 
matrix with P, = 1 if the ith element of vE2 is contained in the jth element 
of uCk and pij = 0 otherwise; 1 is a (f,‘)-dimensional column vector with all 
the entries equal 1. The parameters r and b are obtained from r = 
1(v - l)/(k - 1) and b = vr/k. We can summarize the above statement as 
follows: 
PROPOSITION 2.1. A (:)-dimensional column vector with nonnegative 
integral entries defines a BIB design based on v.?Yk if and only if PF = L 1. 
Now, clearly, if T is a (:)-dimensional vector with integral entries 
belonging to the kernel of P and if F is any BIB design based on vCk, then 
F + T is a BIB design provided that all its entries are nonnegative. 
Conversely, every BIB(v, k, A) design can be written, for a fixed F and a 
suitable T, in the form F + T. Therefore, the question of existence and nonex- 
istence of BIB designs based on vZk is reduced to finding a BIB design and a 
basis with integral entries for the kernel of P. Since the matrix P is of rank 
( ; ), therefore the dimension of ker P is ( ;: ) - ( y ). 
Although, for a given u and k, we may let our starting BIB design be the 
trivial design, namely, the whole set of vZk, but the task remains in 
obtaining an appropriate design to reduce the size of the algebraic operations 
at hand. This fact will be demonstrated in the case of v = 6 and k = 3. 
Hedayat and Li [3, 41, have called any integral solution of PT= 0, a 
(v, k) trade and have studied them from the point of combinatorial topology. 
Graver and Jurkat [2] have obtained several interesting results in this regard 
applicable to t-designs. 
3. SOME USEFUL TOOLS IN STUDYING BIB DESIGNS 
We denote a BIB(v, b, r, k,n) design with support size b* by 
BIB(u, b, r, k, A 1 b*) and we let F = df,, f, ,..., j([, ))’ be the algebraic 
k 
representation of such a design. With no loss of generality we may assume 
that, for i < j, fi > fj. We note that 2, fi = b and fi < A for i = l,..., b*. 
Now. we recall some of the useful results: 
(a) By adding over i infi < A, we obtain 
b < b*A 3 b* > b/ll = v(v - l)/k(k - 1). (3.1) 
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(b) BY Mann 151, 
b>f,v or f, < b/v = r/k. (3.2) 
(c) By van Lint and Ryser [6], 
(i) iff, = b/v, then f, I (b, r, A); (3.3) 
(ii) b* = v or b*>v+l; (3.4) 
(iii) if b* = v, then the design is uniform, i.e.,fi =f2 = ..a =& which 
implies that the support itself is a BIB design. (3.5) 
(d) For a given v and k, it follows from [ I] that the minimum value of 
b* lies in the following interval: 
(3.6) 
where (x) denotes the smallest integer greater than or equal to x. 
(e) If k = 3 and b = ( ;: ), then by [3] we have 
for i= 1,2,3,5. (3.7) 
The proof of the uniformity of the designs when b* = v, presented in [6], 
covers the case of general designs called E-designs, If, however, we limit 
ourselves to BIB designs, then (3.4) can be easily proven by utilizing (3.1). 
First, we observe that for v = b* we have the positive frequencies fr,..., f,, 
satisfying 
fi < b/v for i= l,..., v and ffi=b. 
It follows immediately that fi = f2 = ..a = f, = b/v. Otherwise, we have to 
have fi < b/v for some 1 < j < v which, in turn, implies that Ct; J;: < 6. Thus 
we conclude that for b* = v, the BIB design must be uniform. 
4. BIB DESIGNS WITH v= 6 AND k=3 
By utilizing the known relations bk = ru and A(v - 1) = r(k - l), we 
conclude that b s 0 (mod 10) and r E 0 (mod 5) in a BIB design with v = 6 
and k = 3. Thus, for example, when b = 10, 20, 30, and 40 the parameters of 
the designs are as follows: 
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v b r k1 
(i) 6 10 5 3 2 
(ii) 6 20 10 3 4 
(iii) 6 30 15 3 6 
(iv) 6 40 20 3 8 
Note that we have avoided any reference to b*. We have chosen these b’s for 
a reason which becomes clear later. 
The available information in the literature of designs in regard to BIB 
designs with v = 6 and k = 3 can be summarized as follows: The residual 
design of the BIB design with parameters v = b = 11, r = k = 5, L = 2 
generated by the block of quadratic residues in GF( 11) produces a design 
with parameters in (i). Two copies of this design generate a design with 
parameters in (ii). Also we could take the entire ( : ) = 20 blocks to form a 
design with parameters in (ii). Clearly these two latter designs are 
nonisomorphic. The first design has support size 10 and the second one has 
support size 20. Note that two designs with the same parameters are 
isomorphic, in the usual terminology of BIB designs, only if they have iden- 
tical support sizes. BIB designs with parameters in (iii) and (iv) can be 
obtained by composition of enough copies of designs with parameters in (i) 
and (ii). 
We shall now study BIB designs with u = 6 and k = 3 from the support 
size point of view. Since b = 0 (mod 10) and b* < 20 in a BIB design with 
v = 6 and k = 3, it is interesting (i) to investigate the possible support sizes 
for b = 10, and b = 20; and (ii) to characterize BIB designs with minimum b 
for the remaining possible support sizes. 
THEOREM 4.1. In any BIB design with v = 6 and k = 3, b* > 10. 
Proof. By (3.2), J;. ,< b/v. For v = 6 and k = 3, f;. < b/v < A. Therefore, 
each of the 15 possible pairs appear in at least 2 distinct blocks. Each block 
covers 3 pairs, thus the support consists of at least (15 x 2)/3 = 10 distinct 
blocks. As we have already mentioned b* = 10 is possible. 
Now we consider two cases: 
Case 1. b = 10. By Theorem 4.1 and the existence of a design with 
b = b* = 10, we conclude that a BIB(6, 10, 5,3,21b*) exists if and only if 
b* = 10. 
Case 2. b = 20. 
THEOREM 4.2. A BIB(6,20, 10,3,4 1 b*) exists if and only if b* belongs 
to { 10, 14, 16, 20). 
582a/30/1-4 
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Proof: Later we shall give an example of each design claimed in the 
theorem. We shall now argue the nonexistence of the designs in the 
remaining cases. b* < 10 is not allowed by Theorem 4.1. The result (3.7) 
excludes b* = 15, 17, 18, and 19. 
With a tedious combinatorial argument we can rule out the remaining 
values of b* = 11, 12, 13. Later we give a rigorous argument for the nonex- 
istence of these latter designs using the approach of Section 2. 
Thus we conclude that there are no BIB designs with b* < 10 and BIB 
designs with b* = 10, 14, 16, and 20 exist with b = 10 in case b* = 10 and 
b = 20 for all these values of b*. Therefore, the problem is this: Is it possible 
to construct a BIB design with b* E {ll, 12, 13, 15, 17, 18, 19)? In each 
possible case we are interested in minimum b. The answer is summarized 
below. 
THEOREM 4.3. There is no BIB design for v = 6, k = 3 with 
b* E { 11, 12, 13,15}. 
THEOREM 4.4. There are BIB designs for v = 6, k = 3 with b* = 17, 19 
and b = 30; and with b* = 18 and b = 40. The value of b is minimum in 
these cases. 
To prove Theorems 4.3 and 4.4 and provide the proof for the cases 
promised before, we utilize the idea of Section 2 in the sequel. 
For the cases of v = 6 and k = 3, since the size of the matrix P is small 
(15 X 20), we try the linear algebraic approach of Section 2. We again 
consider the following system of nonhomogeneous equations: 
PF=Al, (4.1) 
where F is a column vector of size 20 with positive integral entries (a BIB 
design), and 1 a positive number. It follows from [l] that the matrix P 
contains a 15 x 15 nonsingular submatrix. Therefore, the ker P is of 
dimension 5 and the following vectors: 
T, = (O,O, O,O, l,O, -1, -l,O, 1, -l,O, 1, LO, -l,O, O,O, 0), 
T,=(0,-1,0,1,0,0,0,1,0,-1,1,0,-1,0,0,0,-1,0,1,0), 
T3=(-1,O,1,O,O,O,1,O,O,-1,1,O,O,-1,O,O,O,-1,O,1), 
T,=(-1,1,0,0,0,0,1,0,-1,0,0,1,0,-1,0,0,0,0,-1,1), 
T,=(0,0,0,0,0,1,-1,-1,1,0,0,-1,1,1,-1,0,0,0,0,0), 
which are linearly independent, form a basis for the ker P. Hence, if we 
denote by F any solution to (4.1), then any other solution can be expressed 
by 5 
F=~+ C aiTi. (4.2) 
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For convenience and reducing the number of computations, we choose 
F= (1, n, l,n, l,n,n,n, 1, l,n,n, 1, 1, l,n, l,n, l,n)‘, II = 1, 2,.... 
By inspecting the structure of T:s, we observe that, with P as above, first, 
ai E (O7 l}, for i = 2,..., 5; 
and, second, T, and T,, cannot occur simultaneously in any linear 
combination. These observations enable us to eliminate many cases. 
Therefore, the final form of any solution F to (4.1) can be expressed in one 
of the following two forms: 
F=I;+mT,+a,T,+a,T,+a,T,, 
F=~+mT,+a,T,+a,T,+a,T,, 
(4.3) 
where mEZ+, cfi E (0, 1 } for i = 2 ,..., 5. 
In Table I, the class of all possible BIB designs with u = 6 and k = 3 
TABLE II 
BIB designs with v = 6, k = 3 and all possible support size, b* 
b’ 10 14 16 17 18 19 20 
b 10 20 20 30 40 30 20 
123 
124 
125 
126 
134 
135 
136 
145 
146 
156 
234 
235 
236 
245 
246 
256 
345 
346 
356 
456 
- 
1 
1 
- 
1 
2 
1 
1 
2 
1 
- 
2 
2 
- 
2 
1 
1 
1 
- 
1 
2 
1 
1 2 
1 2 
1 2 
1 2 
2 3 
- 1 
2 2 
1 1 
1 2 
- 1 
2 3 
2 2 
- 
1 1 
1 1 
1 1 
1 1 
1 3 
- 
3 
2 
3 
2 
4 
2 
1 
2 
1 
3 
2 
3 
2 
2 
2 
1 
4 
1 
1 
1 
3 
2 
2 
1 
2 
1 
1 
2 
2 
1 
2 
1 
1 
2 
2 
2 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
Note. For each support size a BIB design with minimum b is contained in the table. 
BIB DESIGNS FOR v  = 6 AND k = 3 51 
(solutions of (4.1)), which are obtained from (4.3), is given. Using Table I, 
we can compute all possible values of b*‘s for a given b by letting n and m 
assume different values; the result is summarized in Table II. Note for each 
feasible b* a BIB design with minimum possible b is given in Table II. 
Table II does not contain all the possible designs. To see that the missing 
designs exist, note that if there exists a BIB design with b blocks which 
contains a sub BIB design with 10 blocks, then one can construct a design 
with b + 10 blocks and the same support size by simply adding a copy of the 
sub design to the design. All the designs in Table II contain the BIB design 
125 126 134 135 146 
234 236 245 356 456. 
Designs in Table II with (b*, b) are obtained from the generator designs 
of Table I as follows. 
(b*, b) Generator no. n, m 
(10,lO) 11 1, 1 
(14920) 9 170 
(1620) 5 l,O 
(17530) 9 2, 1 
(18940) 9 3, 1 
(1% 30) 2 2, 1 
(20,20) 1 l,O 
[Note: for b = b* = 10 the generator 11 with n = m = 1 gives two copies of 
the design listed in Table II]. 
The reader can verify for himself that each design in Table II is a 
composition of appropriate number of BIB designs with b = b* = 10. Indeed, 
all generator designs in Table I are composed of BIB designs with 
b = b* = 10. 
Before closing the paper we would like to point out that our Questions l-3 
are completely answered for the case v = 6, k = 3. 
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